
 

MATH 2028 Partition of unity

GOAL Introduce a useful localization too I

Recall that if f R IR is integrable on a

R
rectangle R E R s't

then

fav fdvtf.fm
To allow more general sub division of a

bold domain A ER it is indeed more

effective to decompose the function f as

f f t c for

Sf each fi is supported in a smaller

sub domain of R This can be achieved using

a tool called partition of unity

Convention In what follows we use R E B to

denote a bold open subset whose boundary 22

has measure zero



Theorem Partition of Unity

For any collection El Ui ie I of open subsets

Ui s t R E Ui there exist a collection

of functions f f g
on B s t

1 ht x E A O E Q E 1 and Spt
is compact

2 V x e r I open set V c containing X

S t Sp1 n Vx 01 except for

finitely many x EA Moreover

a f 4 64
1 f x c A

3 t a e A I i E I s t spt E Ui

Def Such 14inIaea is called a co partition

of unity for El with compact support

Recoil The support of Cf R IR is defined as

spt of a f x c or I cecxi to



We first establish a fact that will be used in

the proof of the theorem above

FACT Let A E R be an open set and C E A

be a compact subset Then I function Y
n

defined on IR s t

Cf 30 and 4C x o H X E C

Spt 4 E A

Idea of Proof
g g

e e 7 x c i i

h 1 I CA f B IR s 1
0 elsewhere

f o on C 1,1

f 0 on 431 C 1,1 so
I 1

Define a C function g R IR by

Gox xn f MII fl f aY

THEN g 20 inside the cube of sides ZE centered

at Ca au and 9 0 outside the cube

Finally cover the compact set C be finitely

many cubes contained in A
B



Proof of Theorem

Case I i ee f Uil is a finite cover of Z

D
Claim 1 7 Cpt Ci E Ui s t int Ci D

Proof Let B D I 2
Ui which is a apt

subset of the open set Ui Fix another

Cpt C E U s t B E int Ci

Next take Bz 521 int a u Ui

which is a apt subset of U2 Fix another

apt Cz E Uz S t B z E int Cz

Define inductively to obtain Cc CN

By FACT I function Yi s R B s t

4,30 and 4,20 on Ci

Spt Yi E Ui

Note that 74 so on int Ci 25
N N

If we take a C f n U int Ci Cost with
i

Cpt support and f L on SI CPI Exercise



and 4 int Ci Co 73 s t

Hi Cx
Pi X I

4 ex 4zC t t 4NCx

then f Yi in is a partition of unity

Check O E f Yi E 1 Of f Cfi f 1

SptCf Qi spiff n spt Yi is apt

apt

sptf n Spt Yi E Ui

f X E I f x Qi Cx II 4 Cx 1

This proves Case I

Case Il El f Uil c I is an open cover of r

Take Ik a f x c R I dist x 2h 3 k

Note that i r
I't

iii
p I
Cpt t k c IN



For each k C IN define

Uk f U n internal Rn z U C U

which is an open coven of the Cpt set Chi int Rie

Pass to a finite sub cover we can apply Case I

to obtain a partition of unity In f Yikf c q
Define

rcxs.EE EinHcx
which is a finite sum for each ER

THEN is the desired partition

of unity

B

Remark Let K E D be a cpt subset Then

at most finitelymany C A s t th x 0

on K



We now see how a partition of unity can

be applied to integration theory by piecing

together results obtained locally

Theorem Let ME 42 be a bold open subset

with measure zero 21 and U fUil ie z is

a collection of open sets sit I
2
Ui

Suppose f Iaea is a C partition of unity

for El with compactsupport

If f D IR is a bold function which is

cts except on a set of measure zero then

Jfdv Z
r def

k f d

Remark The sum on the R H S is a countably

infinite sum by the previous remark It is

indeed an infinite series which is absolutely

convergent CCf MATH 2068



Proof Let E 0 We can choose a apt K e r

s 1 2K has measure Zero and
Ez Provethis

Vol Rl K L E

By the remark before the theorem 7 at most

finitely many 4 4N which does N vanish

identically on K On the other hand by

assumption 7 M 20 Srt tf Cx I E M V x ER

Then we have

fdu EI Yi f du

E f EI Yi f du

E M I 79 du

M J I du M Vol dik ME
RIK


